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electromagnetic wave”

N. B. Narozhny and M. S. Fofanov
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Moscow 115409, Russia
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We show that there is a mistake in the results recently published by An Yu and H. TakgPlaghi Rev. E
57, 2276(1998] for the probabilities of a photon emission by an electron and a pair production by a photon
in the field of a two-frequency plane electromagnetic wave. In this paper we present the corrected expression
for the probability of a photon emission which contains terms missed by Yu and Takahashi. We argue also that
the effect of presence of the waves with combination frequencies in the external field proposed by the authors
of the papefPhys. Rev. B57, 2276(1998] has no physical basi§S1063-651X99)10008-4

PACS numbegs): 41.60—m, 12.20—m, 32.80.Wr, 23.20.Ra

I. INTRODUCTION if 7 (ko= nky) is an irrational number and

In their recent papefl] An Yu and H. Takahashi pre- Si+S3+Ss+ 7(S;—S3+S4) =S +S3+ 5+ 7(S;—S3+5y),
sented a derivation of the probabilities of photon emission by ) ) ) )
electron and pair production by a photon in the field of alf # is rational. Therefore, the right-hand side of H@)
two-frequency plane electromagnetic wave. Unfortunatelyshould be written as follows:
there is a mistake in their calculations. Both the matrix ele-
mentS;; [Eq. (3.2) of [1]] and the total scattering rat[Eq. VT
(3.10 of [1]] are represented as sums over four Fourier in- (2m)*
dicess;,S,,S3,S4. This could be possible if while calculating
the square of the matrix elemdi®;;|? validity of the follow-  where
ing formula was assumed:

Anlnz;niné5(4)[q+ niky+nzky—q' k'], (2)

5n1n15n2né, 7 irrational,

4 ’ ' ;=
S+ sk Soka-+ Salky— ko) +Saky +ko) —a' —K'] Ansrsini =) Sy, 7 rational,
X W[ q+siky +spko+55(k ko)

and
+s,(kyt+ky)—q'—k']

n1:Sl+53+ 54,

VT

= S+ 1K+ Spko+ S3(ky —k (4)
(2m)° [+ 81Ky +s,Kp+53(ki—Ky) Ny=S,—Ss+5,.
+s4(ki+ky)—q' — k’]55151552555535é554s£. (1) It is clear now that the square of the matrix element and the

total scattering rate are represented in the general case as

VT in Eq. (1) means 4-volume of integration and the other.sums over at least six different Fourier indices and hence an

. . : infinite number of “nondiagonal” terms are lost in Eq.
notation have the same meaning as in RE&f. (3.10 of Ref.[1]
It is true that the product of tw@ functions on the left- ' e

hand side of Eq(1) is not equal to zero only if their argu- The interpretation of the probabilities in terms of wave
ments coincide. But the equalities for indicgs=s{, i=1 photons” proposed by the authors of Refl] cannot be

—a fici b diti ¢ h considered satisfactory either. By analogy with the case of a
—caresu |g|ent ut not necessary conditions for suc COblane monochromatic wa\@,3], the authors interpret indi-
incidence. It is easy to see that the arguments fifnctions

) L o cess;,S,,S3,S4 I EQ. (3.2) of [1] as numbers of “photons”
on the left-hand side of Eql) coincide under the conditions with respective frequencies;, w,, wi— w,, wi+ w, ab-

S, o, sorbed from the waves(>0) or emitted to the waves(
S1+83+S5,=S;+S3+S;, S;—S3+85,=5;—S318y, <0) by the electron. On this basis they discuss the possibil-
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FIG. 3. Diagrams for photon emission with absorption of one
photon from the first mode. Dashed lines correspond to the mode
with k;. Dotted and dashed lines correspond to the maode

FIG. 1. Diagrams representing the partial amplitddle of pho-
ton emission by an electron in the field of a monochromatic wave

ity of observation of a third color with one of the combina- also the Volkov solution; see Rdf5]. The diagrams repre-
tion frequencieso, + w; in the initially two-frequency exter- senting the solutionV ,(x) are shown in Fig. 2.

nal field. However, no physical mechanism is offered to We will show in this paper that in the case of a two-
explain this effect. Our understanding is that there could bdrequency wave the same correspondence between the partial
only two mechanisms for generating waves with combina-amplitudes and diagram technique exists if numbgrand
tion frequencies. The first is nonlinear interaction of mono-n, introduced in Eq.(4) are considered as the number of
chromatic components of the external field due to vacuunphotons belonging to monochromatic modes with wave
polarization. But this effect is beyond the framework of the4-vectorsk; and k,, respectively. So there is no need to
author’s consideration. Besides, it is well known that nointroduce any mysterious “combination photons” for inter-
vacuum polarization effects exist in the field of a plane elecpretation of the results.

tromagnetic wave of arbitrary intensity and spectral distribu- For the sake of compactness we will consider in this paper
tion [4]. The other is emission of such waves by the electrononly photon emission by an electron in a circularly polarized
But the electron according to QED principles is allowed totwo-frequency plane electromagnetic wave with 4-potential

emit only final state photons with frequeney . in the form coinciding with Eq(3.12 of [1]:
Lack of a mechanism of third color generation is not sur-
prising. Introduction of the concept of photons needs some- A=A1tAz,

thing more than expandability of the matrix element in Fou-
rier series. Moreover, it can often be done in different ways.
For example the matrix element of a photon emission by an .
electron in a plane monochromatic wave can be represented 2~ ¢[21C08 @2t @)@ sin(@a @)1, @2=kox,

as a double Fourier series but it does not mean at all that _ 2 ®)
there exist photons of two types in the external field. Even in g=const, ki=0,

this case identification of the index with the number of
absorbedemitted photons is based not only on the oppor-
tunity for Fourier expansion of th&matrix element but pri-
marily on the fact that the partial amplitudéd; can be

reproduced in the frames of Feynman diagram technique; Sefjs will be done in Sec. II. Section IIl describes correspon-
Refs.[2,3] and especially5]. The last statement means lit- gence between partial probabilities derived from exact ex-
erally the following. M can be constructed in correspon- hressions in the limit of weak field and those calculated in
dence with th(i_LuIes*of_kstar.]dard Feynman technique wherge framework of perturbation theory. Results obtained are
the factore,e™" (e;e") is associated with every ab- giscussed in Sec. IV.
sorbed (emitted photon belonging to the monochromatic  \ye use relativistic unité¢ =c=1 throughout the paper.
wave with wave 4-vectok,, . The polarization 4-vectag,, is
determined by the configuration of the external field. For a Il. THE PROBABILITY OF PHOTON EMISSION
linearly polarized monochromatic wave with the 4-potential BY AN ELECTRON
A,=a, coskx g,=a,/2, for a circularly polarized wave with
the 4-potentialA ,=a,, coskx+a,, Sinkx g,=(ay,,+iay,)/2, The S'matrix element for emission of a photon with mo-
and so on. mentumk’=(w’,k’) and polarizatiore’ by an electron is

In particular, the amplitudéM, is represented by dia- equal to
grams of Fig. 1, where dots mean all the permutations of

Aj=a;cospi+azsing;,  ¢@1=kiX,

k,a;,=k,a,=0, a’=a2, a;a,=0,
141 242 1 2 142

k2= 77k1, 7]<l

vertices. Note that this technique allows one to reconstruct ) — . Jamek'x 4
Sfiz—le \I’pr(’ye )\I’p?d X, (6)
w
K K
e whereW¥ , and¥,, are the wave functions of the electron in
N N . ; the initial and the final states, respectively.
p
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FIG. 2. Diagrams representing the Volkov solution in the field
of a plane monochromatic wave. FIG. 4. Elements causing divergences in the diagram technique.
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FIG. 5. Diagrams for photon emission with absorption of one . .
photon from modek; and emission of one photon to mokg Note that if we introduce numbers
For the field with the 4-potenti&b) the wave functionV’ , N=5—5
(Volkov solution is easily obtained by substitution of the er e ©
potential A from Eq. (5) into the expression for the solution
of the Dirac equation in the field of an arbitrary plane elec- N,=S,*Sg,
tromagnetic wave given by E@¢40.7) in Ref. [6]. It has the
form
we can rewrite Eq(8) in the form
|14 e(vky)(yA1)  e(yka)(yAz) |u(p)
P 2(pkq) 2(pkz) 20 1
X exp{ —i[qx+ Ryp+ Rop+ R Si= oy & (27"
eXp{ '[qx 1p 2p 3p]}- 2q02q02w’ Ny, Ny
Ry — e(alp) . e(a2|o)COS(P1 X [ q+nk,+nyk,—q’ —k'IMy(ng,ny),
P (pky )” (pky) (10)
e(a;p) ( e(azp)
, ()
e as g
Ron™ " (pky 15 0627 (27 €] Wnung= 3 MOremEnsd g

and coincides with Eq(2.5 of [1] for the casep=0, a;
={a;, ay=*{a,.

The integrand of the expressi@f) is a combination of
products of the following factors:

'R "Rupf1 cosp, sine;},
e'Rep "Ren)(1 cog o, + ), siN(@,+ @)},
e'(Rep' “Rap){ 1 cogpy 7 (0o + )}
Expanding each of them in Fourier series following the for-

mula (101.7 in Ref.[6] we can represer$;; as a threefold
sum

e
“om.,

>

,52 53 S

2 Anpnyining

NN
5233

f

< ei[”1—“ii(”2‘”&)]<Po+i(n2—n§)¢wi

where the symboJ\n nyinny is defined in Eq(3),

ay
COSQo=—5—,
\/ai-i- a%

andw™(s;,S;,S3;S1,S5,S3) has the form

. a3
singg=—F/——, «a;=
\/ai-f- a;

S3=—®

It seems reasonable now to interpngtandn, in Eq. (10) as
the numbers of photons absorbed by the electron from the
modes of the external field with the wave 4-vectkisand
k,, respectively. AndM¢;(n;,n,) can be interpreted then as
a partial amplitude of photon emission owing to absorption
by the electronn; photons from the first and, photons
from the second mode. We will show later that this interpre-
tation is not contradictory and agrees with interpretation
based on the Feynman diagram technique.

For the total probability of photon emission summed over
polarizations of the patrticles in finite state and averaged over
polarizations of the initial electron we find

d3k’ d3
——5(4)[q+ N1k, +nk,—q' —K']

(51,52,53;51,55,53), (12)
e(aip) e(ap’)
(kip)  (kp') (13
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e2m2 3 2
W*(S1,S7,53:81,55,83) = o {'Hl J5,(2i)3s/(2) -1+ 1+m —(1+ % -
1[3s+1(z1)  Is,51(20) | [ Isi42(Z1)  Isr21(Z2) | 135 -1(z1)  Is,51(2)
= + + + = +
Iz |\ g i | 2l N )
‘]sifl(zl) ‘]séil(zz)
X +¢ . (14
Jsi(z1) Js(22)
We used in Eq(14) the following notation:
(kik") e’a?
u=—— f=——— 2=2+8, £H={f, m=mil+g),
(kip") m
3 u u 4
_ [ 2 2__ _ - =
Z1= al+a2—2v\/1+_§:2 UV( UV)' Zy Zq,
2
u k
Z3= b TR, oyt lf), v=n;+ 7N, (15
(1+ 7)(1+£%) Uv my

It is convenient to perform integrations in Eg.2) choosing

the center-of-mass frame for every fixed value of parameter

v=n;+ 7N, in which

g+vki=q'+k'= (16)

dk &g’
f——5 [a+vki—q'—k'}{---}

du 2

:fo (1+u)?Jo dyi---}- (18

We choose the coordinate system and the gauge in that franfieis easy to show that in the chosen reference frame

so that the vectora; anda, are along axes 1 and 2 respec-

tively, k, is along axis, 3 an@j,=a,,=0. Then after inte-
gration overg’ with the help ofés functions we have

d3k/ dS/
| S-S s vie-a k)
0} ao
:zfdlf’ldk’zd!d ,qu,, ) mi,
k(g-—k.) |klL(g-—kL) qg-—k_

—q.—2ve |{---}, 17

where we introduced %" components of a 4-vectoy* as
y.=y%+y3 andk|2=(k'1)2+ (k'?)2. After the change of
the variables on the right-hand side of Efj7),

u

k,]':kiCOSlﬁ, k’_=q,m,

k'2=K| siny,

and integration ovek; with the help of thes function, we
get

COSiy= —COS¢y, Sinyg=—singg,

and hence)= ¢q+ 7. Therefore, finally we have

Pk g,
[ 5 aaviama e

B jouv(lit)ZJohd%{' -

The integrand in Eq(12) depends orpg only through the
phase factor. Therefore, integration owgs can be easily
carried out and yields the factor

(19

2775n1t ny.njEny:

Since

5nln’5n2né- (20)

A ot O, + P n =
nlnz,nlnz nl,nz,nl,nz 1

independently of whethey; is rational or irrational, we fi-
nally find for the total probability of photon emission

oo

wi= >

Ny,Np=—o

6(n;+ 7nx) W (ng,ny), (21)
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u du with s3;=s; which exactly coincide with the probability
found in Ref.[1] [Egs.(5.1) and(3.16)] contains an infinite
number of nondiagonal terms missed by the authors of Ref.

W=(ny,n,)= 2
sS,Sézfoo 0 (1+U)2

XW™(N;+S3,NyFS3,S3;N1+S5,Ny+S3,S5). (1]
(22)
. . Ill. THE LIMIT OF WEAK FIELD
The presence of the Heavisidefunction AND PERTURBATION THEORY
1, x>0
0(x)= 0 x<0 In the preceding section we have offered an interpretation

of n; andn, in Egs.(10) and(21) as the numbers of photons
in Eqg. (21) is a consequence of the kinematic equation absorbed from the first or the second mode of the external
field. If this interpretation is correct, the quantities
q+vk=q’'+k’, W=(n;,n,) given by Eq.(22) have the meaning of the par-
which allows the electron to absorb only positive momentumtlal probabilities OT photon emission with absorption rof
from the external field in units dt,, photons+from the first and, photpns from the second m_ode.
Thus W=(1,0) should be considered as the probability of
(9'k") photon emission with absorption of only one photon from the
m>0- (23)  first mode. Diagrams corresponding to this process are
shown in Fig. 3. In the limit of weak field we find from Egs.
Our expression for the total probability of photon emis- (14) and(22)
sion given by Eqs(21), (22), (14) aside from diagonal terms

V:n1+ 7]n2:

R Mk S LN P 4”(1 u) 4§2u(1 ah [P u( ”)]
’ 4do Jo (1+w?l” 1+u Ty Ug tug Uy 1+u ug Uy
e?m? €722 (u1 du  u 7 u? u u
+ —| - + +1-—|| —2(1x29) - (1= n)?
200 7% Jo (1+u)?ui| 1¥7 2 1+u (1 ul)( 21x2n)=(1=m) 1+u

(24)

The first integral in Eq(24) repeats the result obtained in RE3] for the case of the monochromatic waltke term of order
gi is the Klein-Nishina formula The only difference is thai; now depends on the effective maag =m+/1+ 512+ g% which
feels the presence of the second mode.

It could seem that the first integral in EQ4) is determined by diagramg) and(b) in Fig. 3 just as in the monochromatic
field and therefore its dependence&ncannot be explained in the framework of the diagram technique. Nevertheless, it is not
so. Among diagrams of the typéb) and (c) of Fig. 3 there are divergent diagrams containing elements shown in Fig. 4.
Nikishov and Ritus proposed a renormalization procedure which removes these divef{@@néesording to this procedure
diagrams shown in Fig. 4 reduce to free electron lines with simultaneous replacement of a free electron mgrmntum
guasimomentung, or bare massn by effective massn, . Just because of this effect, the diagrams of t{ipein Fig. 3
contribute to the first integral in Eq24). It is clear also that this contribution changes onlybut not the structure of the
probability itself.

The second integral in Eq24) is the result of interference of diagrart® and (c) in Fig. 3.

It is of interest that only the diagonal terrsg=s;=0 in the sum in Eq(22) contribute to the first integral in Eq24).
Hence it can be derived from the expression for the total probability presented by An Yu and Takahashi. The interference term
cannot be reproduced from their result.

The term of orderg‘l1 in Eqg. (21) involves many parts besides those we have discussed already. We give here the formula
for the probabilityW™* (1,—1) which cannot be calculated without nondiagonal tesgés; in the sum in Eq(22):

. e’m® zjuv du L. (1—1n)? u( u)
WH(L-1) 44, &l 0 (1+U)2{(1_1)uv !

2 2u+ v +
u, 1+u

Uy

7 U
2

(1+ 2)(2+u— —4(1- )zi -2
K 1+u K u, uy

2 u2

u u
+77(1:1)(2+—) —(1il)77(4u——2——

X
1+u 1+u

|

(25
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whereu,=2(1- n)(klp)/mi. The diagrams shown in Fig. 5 describe this probability.
We will calculate now the probabilitv=(1,— 1) in the perturbation theory. The amplitude corresponding to six diagrams
shown in Fig. 5 according to the rules of Feynman diagram technique has the form

iM¢=(—ie)3Jamu(p’)e'*Ou(p), (26)

e O=(ye"*)G(p+ki(1=7))(ye))G(p—7ki)(ve;)+(ye1)G(p" —ki)(ye'™)G(p— nki)(ye3)
+(ye1)G(p' —k)(v€3)G(p' = (1= n)ky)(ye ™) +(ye"*)G(p+ki(1—7))(ye;)G(p+ki)(yey)
+(ve3)G(p" + 7ki)(ve ™™ )G(p+ki)(yer) + (€3 )G(p' + 7ky) (ye) G(p' — (1= n)ky)(ve'™), (27)

whereG(q) is an electron propagator, and polarization 4-vectors are defined as

a;+ia, a;Fia,
ej_: 2 y 62: 2 .

(28)

Taking into account thatyp)u(p)=mu(p), U(p’)(yp’)=mU(p’) the expression fo© can be simplified and reduced to

7212, . 1+1 _u 1+1 m? z; . |ey*(yk)(yes) e(yes)(vk)y”
e?OH=| — —=¢/(1*eo— 2yttt —— 88— (1+u)(yk kL + —el®0 +
72 iy S KD (v | e(yen)(vk) ¥ 29
4 (kyp) (kyp”)
|
with z;,25,¢0,U,u, the same as in Eq415) andv=1- 7. pair production but it can be easily derived from Eg2)

The probability of photon emission summed over polar-after substitutionp— —p, k'——k,, d*k’—d3q and re-
izations of the particles in the final state and averaged oveyersion of the common sign of the expressidn2]. It is

polarizations of the initial electroW/=(1,—1) is equal to clear that the total probability of pair production by a photon
given in Ref[1] contains the same mistake as the probability
. e? [ dk d®p’ ) of photon emission. The correct result has the same structure
WH(1,-1)=- 1677p0f o Py oAp+(1=-mki—p as the probabilityV* given by Eq.(21).
Our interpretation of electron-plane-wave interaction in
—k']e* Tr{(m+(yp))5"“(m+ (yp')O,}. terms of wave photons is based primarily on correspondence

between exact theory and perturbation theory. Though the
strong plane wave field is treated in our approach semiclas-

After calculating the trace and performing integrations in Eq.SICaIIy and strictly speaking one cannot talk about photons,

(30) by the same method described in the preceding sectiorturfis concept is nevertheless very helpful and not contradic-

we get exactly the formula given by E€5). This result t©OrY- In agreement with it the electron can absorb
confirms our interpretation of the process in the field of a4-momentum from the wave by only discrete portions which

two-frequency plane wave in terms of wave photons. are multiples of wave 4-vectors of one or another mode, and
kinematic equations for both photon emission and pair pro-
duction processes take such form as if the electrons involved
in the process interact with real photons.

Our interpretation is quite traditional and does not differ

In this paper we have derived the probability of photonfrom that used for the processes in a monochromatic wave.
emission by an electron in the field of a two-frequency planeAll partial probabilities can be classified in terms of wave
electromagnetic wave. This result corrects a mistake madghotons without introducing “combination photons” pro-
by the authors of Ref[1]. The total probability is repre- posed in Ref[1] and for which there is no physical basis, as
sented as a double sum of partial probabilité$(n,,n,) of  was explained in Sec. lll.
photon emission with absorptiofor emission n,; photons Note that generally speaking only the total probability
from one andh, photons from another mode, E@1). The W= (21) can be represented as a sum of partial probabilities.
partial probabilities themselves are represented as double ifFor differential probabilitydW=/du de, the same structure
finite sums over Fourier indices,s;, Eq. (22). holds only wheny is an irrational number. If; is rational it

We did not give here the expression for the probability ofturns out that matrix elements corresponding to different

(30

IV. DISCUSSION
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numbers of photons; andn/ obey the same kinematic re- basis for the dependence of spatial pattern of electron radia-
lation if n,;+ yn,=n;+yn,. Therefore the differential tion on the phase difference between the two modes of a
probability involve, interference terms. These terms, howiwo-frequency plane electromagnetic wave first discovered
ever, vanish in the total probability. Indeed, the amplitude?y Puntajer and Leubngr].
(11) corresponding to the same kinematic equation but dif-
ferent numbers of absorbed photons have different phase fac-
tors and hence disappear after integration awgr

Note also that whem is a rational number the differential One of us(N.B.N.) thanks Professor K. T. McDonald,
probability due to the absence of the condition=n; exib-  who drew his attention to Ref1]. This work was supported
its dependence on the phase shift(5) between the two by Russian Foundation for Basic Research under Grant No.
modes of the external field. It is just this effect that forms the97-02-16973.
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